Abstract. We study the emergence of quantum entanglement in multi-field inflation. In this scenario, the perturbations of one field contribute to the observable curvature perturbation, while multi-field dynamics with the other fields affect the curvature perturbation through particle production and entanglement. We develop a general formalism which defines the quantum entanglement between the perturbations of the multiple fields both in the Heisenberg and Schrödinger pictures, and show that entanglement between different fields can arise dynamically in the context of multi-field inflationary scenarios. We also present a simple model in which a sudden change in the kinetic matrix of the scalar fields generates entanglement and an oscillatory feature appears in the power spectrum of the inflaton perturbation.
Introduction
Cosmic inflation is widely believed to be the most plausible scenario to explain the origin of temperature fluctuations of the cosmic microwave background (CMB) and large scale structure (LSS) of the Universe [1] [2] [3] [4] (see e.g. [5, 6] for reviews). The fact that the primordial curvature perturbations are almost scale-invariant and Gaussian is strongly supported by the recent Planck observations [7, 8] . These observations are consistent with the predictions of the simplest single-field inflation models, where the inflaton has a canonical kinetic term and a sufficiently flat potential that allows it to roll slowly during inflation, and couples minimally to gravity. Regardless of these phenomenological successes, however, it is still nontrivial to embed single-field slow-roll inflation into a more fundamental theory such as string theory. To search for new physics in inflation, and a possible connection to a more fundamental theory, one or more of the following conditions can be relaxed: single field, slow-roll or canonical kinetic term (see [9] , for a review) Contrary to the above approach, where the effect of new physics is encoded in some terms in the action, it is also possible that new physics can change the initial quantum state of the inflaton perturbations. Here, by an initial quantum state we mean a quantum state at the time when the system enters the regime of validity of the particular low-energy effective field theory under consideration. In the standard scenario, the primordial power spectrum is computed assuming an initial vacuum state for curved spacetime, the so-called Bunch-Davies (BD) vacuum [10] . The behavior of the mode functions of the inflaton perturbations in the BD vacuum reduce to flat spacetime vacuum mode functions in the short distance limit. However, it is certainly conceivable that short distance physics can give rise to deviations from the Bunch-Davies vacuum [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , whose effect can be described in terms of particle production. Such particle production is clearly understood by Bogoliubov transformations in the low energy effective theory. Although the choice of initial state is often discussed in the context of trans-Planckian effects (see [11, 20, 23] , for a review), the issue has more general applicability, for example, a discussion of how to capture the initial state effects in terms of a boundary effective field theory [24] [25] [26] .
Furthermore, in fundamental theories like supergravity or string theory, scalar fields are ubiquitous and in some cases, some fields can affect each other through entanglement, even if they are decoupled at the level of the low energy effective action. Likewise, in the context of the string theory landscape, it was shown that quantum entanglement can exist between two causally disconnected regions in de Sitter space [27] . Modifications of the power spectrum of CMB generated by such scenarios with quantum entanglement between two causally disconnected universes was studied in [28, 29, 29, 30] (for recent work extending this setup, see [31] ).
Apart from the multiverse scenario, it is quite interesting to consider the possibility that the inflaton and some other scalar field are entangled initially. In [32] , one of us investigated the cosmological consequences of an entangled initial state between the inflaton and another spectator field during inflation (see for related works [33] [34] [35] ). In this work, it was shown that an entangled initial state for a toy model consisting of non-interacting, minimally coupled scalar fields in a fixed de Sitter background will produce small oscillations in the power spectrum of the inflaton perturbations. The entangled initial state ansatz in [32] was set to be Gaussian and the strength of the entanglement is parametrized by one parameter. In particular, the quantum state of the whole system includes entanglement between the two fields, while the Hamiltonian does not have any interaction terms between them. In this first study, the entangled initial state is used as a tool to phenomenologically test for small deviations from a BD initial state. However, the dynamical origin of the entanglement encoded in the initial state and possible connections to fundamental theories were not explored explicitly. Furthermore, whether the oscillations are a generic feature of an entangled initial state or just come from a specific class of initial states was also not discussed [36] .
The aim of this paper is to address these concerns by showing that entanglement between different fields can arise dynamically in the context of multi-field inflation scenarios. Our analysis is restricted to consider perturbations of scalar fields in a fixed de Sitter background. We will formulate the emergence of entanglement between the perturbations of two scalar fields on a general basis, and we will illustrate this phenomena by studying a concrete example of this type of model.
The rest of this paper is organized as follows. In section 2, we derive within the Heisenberg picture the general condition under which a state, from the view point of a late time observer, is entangled. For this discussion, we consider a scenario in which the vacuum naturally defined at sufficiently late times becomes different from that at sufficiently early times, as a result of the time evolution of the kinetic and mass matrices in multi-field inflation. In section 3, we make the connection to the state generated in the Schrödinger picture and see how our initial-vacuum state corresponds to the initial state considered in [32] . Then, in section 4 we consider a concrete example that produces an entangled state by the effect of kinetic mixing and confirm that the oscillations in the power spectrum of the inflaton perturbations are also obtained in this model. Section 5 is devoted to conclusion and discussion.
Entanglement in Heisenberg Picture

Entangled state at late-time
In this subsection, we describe the quantum state of interest, while in the following subsections we will discuss a physical mechanism that can give rise to such a state. At late times, say t ≥ t 0 , in any globally hyperbolic spacetime region, let us consider two scalar fields φ and σ and suppose that interactions between them can be ignored. Let us further assume that self-interactions of φ and σ are weak and can be ignored (or can be treated perturbatively). One can then construct the Hilbert space of the system as
where⊗ is a tensor product followed by a suitable completion and F φ and F σ are the Fock spaces of φ and σ, respectively, defined as
Here, H φ and H σ are the Hilbert spaces of positive-frequency mode functions for φ and σ, respectively, and (· · · ) sym denotes the symmetrization ((ξ ⊗ η) sym = (1/2)(ξ ⊗ η + η ⊗ ξ), and so on.). Physically, C denotes the vacuum state, H φ,σ one particle states, (H φ,σ ⊗ H φ,σ ) sym two particle states, and so on. We suppose that all our observables are operators on F φ so that σ is unobservable. In this case, for a quantum state |ψ (∈ F) the expectation value of an observable O is
where
is the reduced density matrix, and Tr φ and Tr σ are the trace operations in F φ and F σ , respectively. In general, the reduced density matrix ρ φ represents a mixed state due to quantum entanglement between F φ and F σ unless the quantum state |ψ of the total system is a direct product of a state in F φ and a state in F σ . Next let us consider possible "initial" states of the two-field system at t = t 0 . Since by the assumption the fields φ and σ for t ≥ t 0 do not interact with each other, it may be natural to consider a direct product of a state |ψ φ φ in F φ and a state |ψ σ σ in F σ .
This class of states does not contain entanglement between F φ and F σ and the reduced density matrix represents a pure state as ρ φ = |ψ φ φφ ψ φ |. Starting with the direct product state (2.5), one can consider a Gaussian-type entanglement between F φ and F σ as 6) where {â † m } and {b † n } are sets of creation operators associated with H φ and H σ , respectively, C mn is a matrix characterizing the entanglement to be added and N is a normalization constant. As we shall see in the rest of this section, the multi-field dynamics in the early epoch (t < t 0 ) generically ends up with this type of quantum state at t = t 0 . As we shall see in Sec. 3, a quantum state considered in [32] is also of this type.
Late-time and early-time setup
In the previous subsection we introduced the entangled state in eq. (2.6) for t > t 0 , where the two scalar fields φ and σ do not have direct interactions at the level of the Lagrangian but the initial state includes entanglement between these fields. In the present subsection, in order to discuss a possible explanation for the physical origin of such entanglement, we shall consider a setup for an earlier time, whose final state corresponds to the initial state for the late-time setup of the previous subsection. We shall show that the entanglement contained in the initial state of the late-time setup naturally emerges from the early-time multi-field dynamics, starting with the standard Bunch Davies vacuum state.
We consider the following simple action for the two scalar fields φ I = {φ, σ},
in a flat Friedmann-Lemaître-Robertson-Walker (FLRW) background,
where G IJ (ϕ) is a field space metric, M IJ (ϕ) is a squared mass matrix and ϕ is another field. We shall not specify the action for ϕ but assume that it is homogeneous and time-dependent so that G IJ (ϕ(t)) and M IJ (ϕ(t)) are 2 × 2 real symmetric matrices that evolve in time.
In what follows, with the possibility that the time dependence of G IJ and M IJ is realized through the dynamics of the field ϕ in mind, we phenomenologically treat them as G IJ (t) and M IJ (t). We further assume that the backreaction of φ I = {φ, σ} on the background is small enough. In accordance with the previous subsection, we assume that G IJ and M IJ are diagonal and constant for t ≥ t 0 . Otherwise, the two fields would interact with each other at late times, either directly or through ϕ. After canonically normalizing φ I = {φ, σ}, we thus have
On the other hand, at sufficiently early times, G IJ (t) is, in general, diagonalized and normalized by another set of fields Φ I = {Φ, S}; 1
where Φ I and φ I are related to each other by a 2 × 2 real matrix K IJ as
In this setup for simplicity, we consider the perturbations of the scalar fields up to quadratic order in the action in a fixed de Sitter background, where the perturbations and the background are decoupled. Following ref. [32] , we take φ to be the inflaton whose fluctuations are related with the observable curvature perturbation, while σ is the non-inflaton field whose fluctuations are decoupled from the curvature perturbation after inflation. In what follows, we investigate the influence of the changes in G IJ (t) and M IJ (t) during inflation on the perturbations of the inflaton φ, with special emphasis on how it can induce quantum entanglement with the other spectator field σ.
In-vacuum state and out-vacuum state
Here, we construct the asymptotic vacuum state at sufficiently early times and late times, in order to discuss the quantum entanglement between φ and σ.
In the far past, the in-vacuum state is constructed from Φ and S, since they have canonical kinetic terms. Decomposing these fields into the homogeneous (background) and inhomogeneous (perturbation) parts, 12) and introducing canonical variables 13) one can rewrite the Lagrangian density at early times for the perturbations as
14) where we converted to conformal time η which is related to the scale factor by a = −1/(Hη) and the prime denotes ∂ η . The new mass matrix in terms of the original one isM IJ = (K T M K) IJ and u I Φ = {u Φ , u S }. We can then quantize these fields with the standard procedure,û
k ) † are creation/annihilation operators. The evolution equations for the mode functions u I Φk = {u Φk , u Sk } on sufficiently small scales become
These mode functions are normalized so that they satisfy the Wronskian condition 18) which ensures that the creation/annihilation operators satisfy the commutation relations,
The initial conditions for the mode functions u Φk (η) and u Sk (η) are given, to a good approximation, by the Bunch-Davies vacuum 20) because their masses (and the mass mixing effect) are negligible deep inside the horizon. 2 We define the Fock vacuum and construct an in-vacuum state which is annihilated by thê a
where k denotes all relevant modes. Note that even if the masses are not completely negligible in the equation of motion for u Φk (η) and u Sk (η), we can define the initial state as long as M IJ is diagonal and WKB solutions are available. At sufficiently late times, the out-vacuum state is constructed from φ and σ which now also have canonical kinetic terms and are decoupled. Although the procedure to construct the out-vacuum state is straightforward and merely requires replacing Φ → φ and S → σ in the discussion of the in-vacuum state, for completeness, we summarize its construction. In terms of canonical variables corresponding to φ and σ, the Lagrangian density at late times for the perturbations is
We can quantize these fields based on the expansion of the operatorû I φ ,
with creation/annihilation operatorsâ
The mode functions u I φk = {u φk , u σk } are properly normalized to satisfy
To construct the out-vacuum, we adopt the solutions for the mode functions u φk (η) and u σk (η) with the Bunch-Davies initial condition u φk u σk e −ikη / √ 2k in the case where both G IJ and M IJ did not evolve in time but stay as eq. (2.9) for all time,
where x ≡ −kη and H (1) ν (x) is the Hankel function of the first kind. It should be noted that these mode functions satisfy the equations of motion only at late times, because the actual Lagrangian is different from eq. (2.22) at earlier times. Now we can define the out-vacuum state as the direct product of the Fock vacuum ofâ
in the same way as the in-vacuum state,â
where again k denotes all relevant modes.
Relation between in-vacuum and out-vacuum
Although the in-vacuum state and out-vacuum state constructed in subsection 2.3 are of the same form, in the presence of non-trivial time evolution of G IJ (t) and M IJ (t), the two asymptotic vacuum states are in general different. Since φ and σ are a mixture of Φ and S due to the time evolution of kinetic and mass matrices, the canonical fields at sufficiently late timesû φ andû σ generally inherit all of the creation/annihilation operators ofû Φ and u S . Thus, in general, the annihilation operators for the out-vacuum can be written as linear combinations of the creation/annihilation operators for the in-vacuum aŝ
These coefficients can be computed once the time evolution of G IJ and M IJ is fixed, as we will see in a concrete example in Section. 4. Sinceâ
satisfy the commutation relations (2.25), the coefficients automatically satisfy
Eqs. (2.30) and (2.31) are the generalized Bogoliubov transformation. If the coefficients γ k and δ k (ᾱ k andβ k ) vanished, the remaining α k and β k (γ k andδ k ) would be the Bogoliubov coefficients, for each field respectively. In our case, however, we have these additional coefficients which come from the mixture between the fields. Since the annihilation operator of φ contains the creation operators of Φ and S, we find φ k particles even in the in-vacuum state,
The time evolution of G IJ and M IJ causes particle production thanks to the generalization of the Bogoliubov transformation. Nevertheless, we shall see below that another interesting quantum phenomena also takes place in this system. For later convenience, we also express the annihilation operators for the in-vacuum in terms of the linear combination of the creation/annihilation operators for the out-vacuum aŝ 38) by solving the correspondence between the in-and out-creation/annihilation operators
k . Plugging these expressions into eqs. (2.19), we find Next, making use of the relations between the two sets of creation/annihilation operators, we will show how the in-vacuum state is related to the out-vacuum state. Since the in-vacuum state should look like an excited state of the out-vacuum, it can be written as
is a function of the creation operators. Lettingâ
act on both sides of the above equation, from eq. (2.37), one finds
where [â
k ) † are used. Since eq. (2.45) only depends on the creation operators, the parenthesis itself must vanish,
This differential equation can be solved with an ansatz 47) where N f k is a normalization factor. Noting that (â −k ) † commute and plugging this ansatz into eq. (2.46), we obtain the relation
where we have used the fact that ∂f k /∂(â
We then obtain the coefficients C φφ k , C σσ k and C φσ k in eq. (2.47) as 50) where the expressions in eq. (2.42) andᾱ
The relations (2.32)-(2.35) also imply the following identity.
The terms with C φφ k and C σσ k in the exponent in eq. (2.47) lead to a vacuum squeezed state and can be understood as a generalization of the Bogoliubov transformation. Indeed, they reproduce the conventional results, C φφ k → β k /α * k and C σσ k →δ k /γ * k , in the limit that the additional coefficients γ k , δ k ,ᾱ k andβ k vanish. Interestingly, however, if C φσ k is non-vanishing, the in-vacuum state acquires cross terms proportional to (â
−k ) † in the exponent which lead to an entangled state.
The entanglement of the state becomes more evident by checking the separability of the state. If C φσ k = 0, the in-vacuum state separates into the φ and σ parts and hence the system is not entangled:
(2.52) On the other hand, if C φσ k = 0, the in-vacuum state is no longer separable, and thus the system is entangled. This is a unique feature of a system in which multiple fields are mixed. We conclude that the quantum fluctuations of φ and σ are entangled unless
(2.53)
Entanglement in Schrödinger Picture
In the previous section, we discussed the effect of particle production and entanglement based on the Heisenberg picture. On the other hand, in the previous work by Albrecht, Bolis and Holman (ABH) [32] , the effect of entanglement was analyzed within the Schrödinger picture 3 . In this work, the time evolution of the system is encoded in a wave functional of the fields. To bridge between these two approaches, in this section, we translate the results of the previous section into the language of the Schrödinger picture and compare it with the ABH state. We use δφ and δσ instead of u φ and u σ and, since it is obvious that we are considering the perturbations of φ and σ, we adopt the shorthand notation δφ → φ and δσ → σ in this section.
Out-vacuum wave function
Here, we obtain the expression of the wave function of the out-vacuum. Based on the latetime decoupled Lagrangian eq. (2.22), the conjugate momenta of the fields in Fourier space are given by
At late times, where both G IJ and M IJ are diagonalized as eq. (2.9), the creation/annihilation operators associated with the out-vacuum can be rewritten in terms of these original fields and their conjugate momenta as
where u φk and u σk are given by eqs. (2.27) and (2.28), and we used the Wronskian relations (2.26). The equal-time commutation relations of these fields,
Thus, the conjugate momenta of an eigenstate ofφ k (η) andσ k (η), for each wavenumber k, |{φ k , σ k }(η) , are defined in terms of the derivatives with respect to the fields,
Letting {φ k , σ k }| act on eq. (2.29), one finds 4
with an analogous equation for σ in which one replaces φ ↔ σ. Substituting the following Gaussian wave function for the out-vacuum, with a normalization factor N (out)
we find ω
Note that this wave function is valid only at late times and one needs to use the fullHamiltonian to find the wave function at earlier times. For each wave number k the wave function is 9) where N (out) k is a normalization factor. One can see that the φ and σ sectors of the wave function for the out-vacuum are separable, and therefore this state is not entangled. This is to be expected, as φ and σ are in the BD-vacuum at late times, however, as we shall see in the following section, this is not the case for the in-vacuum state.
In-vacuum wave function
We can obtain the wave function of the in-vacuum state in a similar way to the out-vacuum case. Substituting eqs. (3.2) and (3.3) into eqs. (2.37) and (2.38), one findŝ
where we have defined 12) and F Ik (x, y) ≡ ∂ η F Ik (x, y). Plugging a Gaussian expression with a cross term and normalization factor N (in)
we obtain the following four equations
where one equation out of four is redundant. Solving these equations, we find
with
where x 1 ≡ −kη 1 and x 2 ≡ −kη 2 . In eq. (3.19), time dependence on η 1 and η 2 is introduced so that u φk depends on η 1 , while u σk depends on η 2 . In eqs. (3.18) after taking the derivatives with respect to η 1 and η 2 , we set η 1 = η 2 = η. In the limit α k → 1,γ k → 1, where all the other coefficients vanish and the in-vacuum and out-vacuum coincide, the above result reduces to eq. (3.8) as expected.
On the other hand, a non-zero Ω φσ k corresponds to an entangled state since the φ and σ sectors would no longer be separable (see eq. (2.53)). The in-vacuum state of φ and σ is therefore entangled thanks to the evolution of the kinetic and mass matrix terms. Focusing on a single wavenumber, the wave function of the in-vacuum state is given by
is a normalization factor. It can be shown that this wave function satisfies the Schrödinger equation with the free Hamiltonian constructed from the late-time Lagrangian eq. (2.22) as expected. However, it should be noted that the above wave function with eqs. (3.16)-(3.19) is valid only at late times (t ≥ t 0 ) when the Hamiltonians for φ and σ are decoupled, and one needs to solve the Schrödinger equation with the full-Hamiltonian to obtain the wave function at an earlier time (see Appendix B for further discussion based on a similar model as that discussed in Sec.4).
Comparison to the entangled state in ABH
In this subsection we compare our result eq. (3.20) with the entangled state used in the ABH paper (see eq. (2.6) in [32] ). In this work a Gaussian entangled state ansatz was used to phenomenologically test for small deviations from a Bunch Davies initial state. By working in the Schrödinger quantum field theory picture, the dynamics of the parameters A k , B k and C k of this wave-functional, Several interesting and distinguishing observational features arise from such a state, including small oscillations in the inflaton power spectrum [32] . The correspondence between eq. (3.21) and our result for the entangled in-vacuum state eq. (3.20) is as follows:
Note that the parameters A k , B k and C k are not simple functions of the Bunch-Davies mode functions, they are solutions to the Schrödinger equation, and encode the dynamics of the mixing of the two fields. In terms of the entangled mode functions f k , g k in [32] they are:
In [32] , in order to directly compare to the standard Bunch-Davies results, they adopt the following initial conditions at η = η 0 :
and hence, in the notation used in this work,
where λ k is a real constant and sets the strength of the entanglement. Our in-vacuum state at η = η 0 coincides with the ABH state if the following conditions are satisfied:
One then finds that their entanglement parameter λ k is closely related to our C φσ k ,
Therefore the condition for the non-zero entanglement C k = 0, used in [32] , is equivalent to the condition C φσ k = 0 in this work. As shown in Appendix A, one can perturbatively find a family of generalized Bogoli-
Combining this general result with (3.28), we conclude that for a given ABH state parameterized by λ k , there exists a family of corresponding generalized Bogoliubov coefficients.
Concrete Example with Entangled State from Kinetic Mixing
In this section, we consider a simple example of the scenario discussed in the previous sections with a sudden change in the kinetic matrix of the scalar fields. We show analytically that an entangled state is generated and confirm that oscillations are produced in the power spectrum of the inflaton perturbations.
Model description
Here, we consider a toy model with no mass-mixing and in which only G IJ depends on time through f (t),
For simplicity, we assume that f (t) is a constant f c which suddenly vanishes at a certain time
where Θ(η) is the Heaviside function. The matrix K IJ introduced in eq. (2.11) is given by
and the mass matrix in eq. (2.14) is given bỹ
Thus the solutions of the mode functions which connect to the Bunch-Davies vacuum in the sub-horizon limit are
(4.6)
Entanglement from multi-field dynamics
To obtain the coefficients α k , β k , γ k , δ k ,ᾱ k ,β k ,γ k , andδ k introduced in eqs. (2.30) and (2.31), one needs to connect u Φk and u Sk in eqs. (4.5) and (4.6) to u φk and u σk in eqs.(2.27) and (2.28). Therefore, we consider the matching condition for these two sets of mode functions here. Taking into account the time evolution of f (η), one finds the action as
where the second line vanishes for η > η * . The equations of motion for the mode functions, u φk (η) and u σk (k), are written as
where · · · does not include the time derivative of f (η). Since f (η) = −f c δ(η − η * ), the junction conditions are,
where the subscripts + and − denote the time η = η * ± ∆η with the limit ∆η → 0, and 
10) 12) where the second argument of all the Hankel functions is x * . At this stage, we can see that since these coefficients satisfy the condition (2.53), the in-vacuum state is entangled. We find that the expressions ofᾱ k ,β k ,γ k , andδ k , which are the coefficients ofb
νσ , (4.13)
1+νσ H
νc , (4.15)
while if m 2 σ > 9H 2 /4 (i.e. ν σ is imaginary), one obtains
1−νσ H
νc , (4.20)
It can be shown that in both cases, these coefficients satisfy eqs. (2.32)-(2.35).
With this set of coefficients we see that C φφ k , C σσ k are different than those in eqs. (3.28), and therefore the initial conditions of the entangled state produced by this simple model is different from those adopted in the ABH work while both have entanglement of the same type (2.6). On the other hand, from the general analysis in the previous section, it is conceivable that there should exist a family of perhaps more contrived models that result in a state that is closer to the ABH state for a range of k. As shown in (3.28) and Appendix A, one can at least find a set of generalized Bogoliubov coefficients that satisfy the relations (2.32)-(2.35) and that results in the exact ABH state. When working with these types of Gaussian states, or equivalently with generalized Bogoliubov transformations, we are operating at the level of the quadratic action, which for a two-field model is in general specified by a 2 × 2 symmetric kinetic matrix, a 2 × 2 anti-symmetric friction matrix and a 2 × 2 symmetric squared mass matrix in the Fourier space. All components of the three matrices are timedependent in general and thus the quadratic action includes 7 independent functions of time for each k. Since a full multi-field effective action (possibly after integrating out other heavy fields) incorporates all orders of the fields and derivatives, expanding the full action around a homogeneous and isotropic but time-dependent background could end up with a rather non-trivial quadratic action in general. While a system described by a Gaussian state (or generalized Bogoliubov transformations) is specified by a finite set of functions of k, a whole multi-field action has more degrees of freedom, in particular it is specified by an infinite set of functions of the fields. It is thus interesting to ask whether there exists a multi-field model that exactly or approximately results in a given set of generalized Bogoliubov coefficients for a range of k which reproduce the ABH state, by trading off functions of the fields (i.e. terms in the multi-field Lagrangian) with functions of k (i.e. generalized Bogoliubov coefficients). One of the main messages of this section thus far is that entanglement contained in the ABH state and that naturally emerges from the multi-field dynamics are of the same type shown in (2.6).
Although in this section we calculate in the Heisenberg picture, one can obtain the same result through the Schrödinger picture. The time evolution of the entangled state, for η ≥ η 0 , is governed by the Schrödinger equation with the free Hamiltonians of the two fields φ and σ, while, for η < η 0 , the kinetic mixing between them modifies the evolution of the state from the case with their free Hamiltonians. For a further look at how entanglement is dynamically induced by kinetic mixing in the action, from the perspective of the Schrödinger picture, see Appendix B.
Power spectrum of inflaton perturbations
Here, we obtain the power spectrum of the inflaton perturbations, which is regarded to be connected with the curvature perturbations observed by the Cosmic Microwave Background radiation. Now that we have obtained the expressions for the coefficients ofâ
k in eqs. (2.30) and (2.31) in this model, it is simpler to calculate based on the two-point function ofû φ (η, k) with respect to the in-vacuum state directly, although we can also calculate based on eqref. 2.44 and the creation/annihilation operators of φ and σ. The two-point function of where the first term in parentheses denotes the contribution from the one-particle state of Φ, while the second term denotes the contribution from that of S. Since u φ = aδφ and u φk (x → 0) = −i/( √ 2kx), the power spectrum of δφ in the super-horizon limit is given by
In figure 1 , we plot the dimensionless power spectrum (H/2π) −2 P δφ in the current model. An oscillatory feature is produced for the modes which are inside the horizon when the fields are mixed at η = η * . 5 Nevertheless, we expect that a UV cut-off scale corresponding to the time scale of the f (η) transition would appear in a more realistic model. This result suggests that the oscillations in the power spectrum of the inflaton perturbation reported in ABH [32] is qualitatively quite generic to initial states with quantum entanglement between the inflaton and another scalar field.
Conclusions and Discussions
In fundamental theories like supergravity or string theory, scalar fields are ubiquitous and in some cases, some fields can affect each other through entanglement, even if they are decoupled at the level of the action. In this work, we have studied the cosmological consequences of an entangled initial state between two fields φ (inflaton) and σ (spectator) in inflation. The perturbations of φ contribute to the curvature perturbation, while multi-field dynamics with the spectator field σ affect observables through particle production and entanglement. We use the general action in eq. (2.7) together with the assumption that the time variations of G IJ (t) (the field space metric) and M IJ (t) (the mass matrix) are sufficiently small at early and late times. Under this assumption, we can diagonalize G IJ (t) and M IJ (t) both at late times with a set of fields {φ, σ}, and early times with another set of fields {Φ, S}. We then construct the out-vacuum defined in eq. (2.29) and the in-vacuum defined in eq. (2.21)(on sufficiently small scales).
With this setup, we have developed a formalism which defines the quantum entanglement between the perturbations of φ and σ. The starting point of our formalism is eqs. (2.30) and (2.31) where the annihilation operators for the out-vacuum are written as the linear combination of all the creation/annihilation operators for the in-vacuum. Since we can compute the constant coefficients α k , β k , γ k , δ k ,ᾱ k ,β k ,γ k , andδ k for any time evolution of G IJ and M IJ , our formalism can be applied to a very general class of models.
In 
we have shown that as long as the two sets of creation/annihilation operators are related by eqs. (2.30) and (2.31), in general, multifield dynamics induce particle production of φ k , σ k particles as well as quantum entanglement between them. In particular, we have concluded that the quantum fluctuations of φ and σ are entangled if the condition (2.53) is satisfied.
Although the above result is obtained in the Heisenberg picture, of course, we have been able to relate our conclusion to the Schrödinger picture result by constructing the wave functions of the in-vacuum and out-vacuum. Then, we compared our in-vacuum wave function with the entangled state considered in the previous work [32] (ABH). We have shown that, at η = η 0 , our in-vacuum wave function coincides with the entangled Gaussian state adopted in ABH if the constants C φφ k , C σσ k and C φσ k are fixed to eqs. (3.28) . Having done so, the initial conditions of both the state anzatz used in ABH and the one described in this work are the same, and hence, the dynamics of both states will be the same when evolved with the Schrödinger equation for η ≥ η 0 with the free Hamiltonian.
Finally, we considered a concrete example with a sudden change in the kinetic matrix of the scalar fields given by eqs. (4.1) and (4.2) . From the junction condition, which requires that the mode functions and their derivatives are continuous at the time when the off-diagonal components disappear, we obtained the constants α k , β k , γ k , δ k ,ᾱ k ,β k ,γ k , andδ k . We have shown that in this example, φ and σ are entangled in the in-vacuum state. Then we calculated the power spectrum of the inflaton and confirmed that an oscillatory feature appears, akin to that presented in ref. [32] .
Since we are mainly interested in establishing a general argument on quantum entanglement in multi-field inflation, for simplicity, in the concrete example we introduced the time dependence of G IJ (t) by hand. We also considered the perturbation of scalar fields in a fixed de Sitter background and assumed that the fluctuations of the inflaton field are related with the observable curvature perturbation, following ref. [32] . We expect that there are more realistic models where the time evolution of G IJ arises from dynamics of scalar fields other than φ and σ. It would be interesting to investigate whether the consistent model can be obtained from a more fundamental theory.
We have shown that oscillatory features in the power spectrum of the inflaton perturbation are a general prediction of an initial entangled state. In their turn, these oscillations translate into oscillations in the angular power spectrum [34] which can be used to compare directly to CMB data [7, 8] , however, it is well known that similar oscillatory features can also be produced in multi-field inflation models with a sudden turn [40] [41] [42] [43] [44] [45] [46] . It is therefore important to consider how to distinguish and/or understand degeneracies between these two sets of models by using the formula (3.28) and the correspondence summarized in Appendix A. In particular, it is interesting to ask whether there exists a multi-field model that exactly or approximately results in the same quadratic order behavior given by the ABH state (or similar entangled states).
One possible way to phenomenologically distinguish between these models is to look at the non-Gaussianity signals produced by entangled states and multi-field inflation models. In single-field inflation, the effect of a deviation from the Bunch Davies vacuum produces relatively large primordial non-Gaussianity [47] [48] [49] [50] [51] [52] . It may also be possible that the effect of an entangled initial state produces large non-Gaussianity that can be used to constrain these models with our current and upcoming CMB data [53, 54] . More importantly, it is intriguing to ask whether entanglement can produce a different characteristic shape of non-Gaussianity from multi-field inflation alone, and therefore such a signal could be used to distinguish the two scenarios (see upcoming paper by ABH). Since we have shown that an entangled state can naturally emerge from multi-field dynamics, it is conceivable to expect that models of multi-field inflation can generate the type of non-Gaussianities that an entangled initial state predicts. (If the late-time setups for the two models have the same Lagrangian and the same quantum state then all observables including those associated with non-Gaussianities are obviously the same.) While it is easy to parameterize the entangled initial state e.g. as in (2.6) as a phenomenological description at late time, it is useful to relate the multi-field models to more fundamental theories such as string theory. In this sense the two sets of models, the entangled state and the multi-field inflation, are complementary. This will also become an important tool to access information of nonlinearities in the hidden sector, like [55] . We would like to leave these topics for future works. To further illustrate how kinetic mixing can induce an entangled state, even once the coupling in the action has vanished, we consider a similar model to that discussed in Sec.4 from the perspective of the Schrödinger picture. Again, the final state that evolves according to the whole Hamiltonian will be the initial state for the evolution with the free Hamiltonian.
Here we consider the following example with kinetic mixing in the action of eq. (2.7) given by:
(B.1)
As described above, for all times η ≥ η 0 we set f (η) = 0 allowing G IJ to be diagonal. However, for η < η 0 the whole action includes f (η) = 0 and therefore there is kinetic mixing.
